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Lecture 21 : Residue Theorem

Last timee...

· if a holomorphic f hasa zero z ,
we can

factor it out :

- holomorphic and

f(z) = (z -z))yg(z) g(z)+8fohtofz
order of the zero

· Fimlizav. C has a removable singularity-

if it extends to a holomorphic fit->D .

· f has a ple at zo if
+ has a zeroath

s

f
we proved thislate
-Defi have a pole of order m at z

,
so wenay write

f(z)=+-G
- ↑
· principal port of f. holemorphic

The residue of fat zo is
near z,
-

Rest : = a
- 1

7o
Ex:

· Res = 1
.

· Reso Ea : O



Partial Fractions

S· Res
, +Well i

Wi &holo at 1
, Thisedoes

,

doesn't contribute
to Res

, (GIEL)

To compute : Res, = B = im 1-1=
z - 1

·Res
Well ...

siz: ze, sintz

Indeed
,

te it is a simple zero of sinz since

Elinz)= = -1
.

=> Since et is holomorphic,

this is the only pole so
I

+g where are

Res
Moral : if to is a simple pole off,

Rest
.

f=im lzzf .

(Messier for higher onea

poles, but same ideal



Does that form look familiar ? HW Primer to &
Reside

the
j3Thm (Residue Theorem

, simple version)
⑮Dalto

-

Let fbehelomorphic On St ?T , Wbanding circle,

except for at zo .

Then

& f(z)dz = ItiRes(f).
j

P: When z
,

is a poleof order me

Suttz
- at +ammt+... - fo(

j Li-
=

=O
, sinceSe = 0 itsa

by Cauchys
thm

=
* we will encounter

= Setz other types of singularitiesunit
circle than poles .

But the residue

theorem still holds .

= (Resti ⑰



But by Cauchy's the , we can deform :

-Gir
Suf = Suf

The (Residue The for simple closed contes)
-

Letwe simply connected , containing sPhoopV (positiveHell

Let f :->I holomorphic except at a finite

set et points z
, , ..., En inside

W. Then

& flz)de : ItiRest
J

⑳
G f(z) bz = 2πi (Resz

,

f + Resf)
does not see w)

.

· This is an amazing theorem which we will spend
Monday and Wednesday applying. But not yet.



A useful trick for computing residues:

Ex:

Find the residue of

f (7) :E. at
well

,
we know since denominator has a zero of order 3,

f(z)=+ 20 +a

It may be that so are 0 .
One way to getae

is by
(z -π)3 f(z) = a

-y
+ a

-z(z -T) + a
-,
(z -π)2 + aj(z -π)) + a

,

(z-π4+..

so
Compute :

= Esiz) = 2coin.

z= T

==2

so Rest = a. = -1
.

I

In general : if f=g with g ,

h holomorphic ,
and

h his a zerozo ef ordera

Resf= ((z-zz
-



· So... we have removable singularities and poles .

what else can happen?

Ex consider ez.
·

explE) = 1 + E +) + ()+.. -
+n (E)

=...En
Notice this goes on forever in the -n direction:
so ele does not have a pole at z = 0

,
it

has something moredramatic : an estial singularity.
Def : Essential singularity
-

Let f be holomorphic on oh except at a pointzo.

we call z an accentialsingularity if z
,

is neither a

removable singularity nor a pole.
· The form ofE is sort of like a power

series
,

but

we allow for negative powers.

- In general these are crazy.


